EJIEKTPOHHHI BICHUK HYK « Nel « 2010

VK 551.466.3
C32

NONLINEAR ASYMPTOTICAL ESTIMATIONS
OF THE SHORT-TERM PROBABILITY
DISTRIBUTIONS FOR STEEP
WIND-GENERATED WAVES

A.N. Serdyuchenko, professor, doctor of phys. and math. sciences
T.V. Emeljanova, lecturer

National University of Shipbuilding, Mykolayiv

Abstract. The paper deals with the generalizations of short-term distributions of wind-generated
wave elevations in sea conditions by using characteristic functions technique and corresponding
asymptotic Gram—Charlier—-Edgeworht’s sets. The generalization includes nonlinear effects into
the Gaussian distributions. According to the approach, cumulants up to 12-th order have been de-
rived and its numerical estimations have been done by using nonlinear wave-group model of the
6-th order for energetic component of irregular wind-generated wave field.
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AHoTanis. Po3nisiHyTO HemiHiliHE y3arajibHEHHS KOPOTKOTEPMIHOBHX PO3IMOJIUIIB ISl OpIUHAT
BITPOBHX XBIJIb Y IITOPMI i3 3aCTOCYBaHHSAM TEXHIKH XapaKTePUCTUIHUX (YHKIIH Ta acCHMIITO-
TUYHUX paiB Taimy [ pama—Illapase—EmxBopTa Aist eKcTpeManbHNUX 3HaUYCHb XBIJILOBUX OPANHAT.
KyMysstHTH B aCHMITOTHYHOMY DsiZii OTPUMAHO 10 ABAHAISITOTO TOPSAKY, @ IX YHUCIIOBY OLIHKY
BHUKOHAHO 13 3aJTy4eHHSIM HENiHIHHOI TpymoBoi Moaeni XBuiab CTOKCa MIOCTOTO MOPSIIKY.
Kuro4oBi coBa: BITpPOBI XBUIIi, CTATUCTHYHI PO3MOMLITH, HEMiHIMHI edexTH, psau [pama-Ilap-
nee-EmxBopra.

AnHoTanusi. PaccMoTpeHo HenmHelHoe 0000IeHne KPaTKOBPEMEHHBIX paclpeneeHui s
OpAMHAT BETPOBBIX BOJH B IITOPME HA OCHOBE MCIIOJIb30BAHUS TEXHUKHU XapaKTEPUCTUYECKUX
(YHKIUH W COOTBETCTBYIOIIMX aCHMIITOTHUYECKUX psamoB Tuma Ipama—Illapmee—DmkBopra mis
9KCTpPEMAaNIbHBIX 3HAYEHU BOTHOBBIX OpAMHAT. KyMYISIHTBI B aCUMIITOTUYECKOM PSIZIC TIOTYICHBI
JI0 IBEHAJIIATOTO MOPSIKA, a UX YMCIIEHHAs OLIEHKA BBIMOJIHEHA C MCIOJIb30BAHUEM HEJTMHEHHON
rpymIoBoi Monxenu BoiaH CToKca MIeCTOTro MOopsIKa.

KioueBble ciioBa: BeTpPOBbIE BOJIHBI: CTAaTUCTUYECKUE pacHpeelieH s, HeTMHEHHbIe 3()(eKThI:
paas! Ipama-1lapnee-OmxBopra.

INTRODUCTION heights & _[1, 2, 6, 9]. These distributions have

The traditional point of view on the short- been applied very widely in the solution of differ-

term statistics of irregular wind-generated waves €Nt sea-keeping problems, in the estimations of
is based on Gaussian well-known probability ship strength in real sea conditions, in ship design
distribution for vertical wave elevations { and  procedures etc. Gaussian probability distribution
on Rayleigh probability distribution for wave  function for wave elevations { is as follows:
(¢, )= ——exp| 22 ()
P " \/EGQ 20(;2 '
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and Rayleigh probability distribution function for wave heights hw has the following form

pRa (h

h/2 (7, /2)
)zvzexp_ w2 ,]’l

¢

where 6 = \/D7§ is the r.m.s. value of wave el-
evations.

Gaussian and Rayleigh probability distribu-
tions are based on the assumption that irregular
wave motions are linear physical processes and
for Rayleigh probability distribution there is an
additional assumption that the wave frequency
spectrum S (o) is narrowband [1, 2, 6].

For the lust two decades the satellite moni-
toring of the World Ocean surface has been
used very extensively and the results obtained
showed that for extreme waves Gaussian and
Rayleigh probability distributions are not cor-
rect [4, 5, 10]. See, for example, the distribu-
tions in Fig. 1, a for wave crest elevations 4" and
Fig. 1,b for extreme wave heights 4__ . This
Fig. displays that, for extreme waves, real sta-
tistical distributions are significantly greater
than it follows from the distributions (1) and
(2). According to the latest statistical data, ex-
treme waves have significantly high levels of
the probabilities than it follows from the classi-
cal distributions (1) and (2).

This fact seems very important for the safe-
ty of ships in extreme sea conditions, because
extreme waves may cause serious damages of
ship structures (see Fig. 2,a for aircraft carrier
and Fig. 2, b for tanker).

P+ g g T SRR IR T
' | 7{=— Rayleigh distribut.
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Therefore further research work in the in-
vestigations of real statistics of windgenerated
waves, especially in extreme sea conditions, is
very vitally needed. The investigations can be
arranged on the basic of information obtained
from special satellite equipments and system-
atic monitoring of the World Ocean surface and
from the other hand on the advanced theoretical
investigations in this traditional area of proba-
bilistic theory. The main idea is to include the
nonlinear effects in the wave surface, which
take place for the extreme waves, into the
theoretical probabilistic models for main wave
characteristics — wave elevations, wave am-
plitudes, wave heights and periods.

This paper deals with the nonlinear gener-
alizations of short-term distributions of wind-
generated wave elevations in real sea conditions
by using characteristic function technique and
corresponding asymptotic Gram-Edgeworht’s
sets. The traditional approach is considered in
beginning of the paper, but the alternative ap-
proach based on the modification of the tradi-
tional technique is discussed late. The second
part of the paper deals with the theoretical es-
timations of the cumulants of the characteristic
function and comparisons of the results ob-
tained with the independent experimental data

12

Fig. 1. Comparisons of Rayleigh probability distribution (solid line) with the experimental data (symbols):

a — laboratory data; b — field data
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Fig. 2. Damages of ship structures for: ¢ — aircraft carrier; b — tanker

are considered too. Finally the problem of the
convergence of the asymptotical sets is briefly
discussed.

1. CHARACTERISTIC
FUNCTION TECHNIQUE

For the purpose of nonlinear estimation of
short-term marginal probability distribution of
wave elevations here we would use the socalled
characteristic functions technique [3, 6]. Accord-
ing to the technique probability distribution func-
tion p(C ) and characteristic function ®(k) are re-
lated by the following Fourier-transformation

Pl)=- [@Wexpl-itL, )
. . )
()= [ p(C,)expik a5,

oo

where £ is the real parameter of the character-
istic function.

To estimate the characteristic function in
the eq. (3), we would expand the exponential
function expikC , in the power series of &

N
expik,, =1+ zi'(ikz;w)", N>>1,
el n:
so after integrating in eq. (3) the characteristic
function ®(k) becomes:
N %
O)=1+ Dk = €L, @)
n=l1 Ze

where p_ are the n-th order moments of the
distribution function p(C ). These moments can
be expressed in the terms of the moments taken
respectively to the mean value (or central mo-
ments) [, of the distribution function by the
following relations:

Hn = chj’"cjﬁw» o, = J-(Cw —mg )" p(C,)dC,, n=23,..N,
j=0

—oo

where m =, is the mean value of wave eleva-
tions and this value is typically very small for
wind-generated waves in real sea conditions [1,
2, 6].

According to the traditional procedures [1,
3], the power series for the characteristic func-
tion in eq. (4) are transformed into the follow-
ing exponential form

3

. 2 .m
O(k)=exp| A —k+Ay — k% +h; — k> +K +A,, — k" 5)
1! 2! 3 m!

where kj is the j-th order cumulants of the char-
acteristic function. For the estimations of cu-

mulants kj in terms of moments p , we need to
expand the expression (5) into the power series



and than to compare this series with the series
(4). Finally, after a number of laborious trans-
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formations, these expressions for the first eight
cumulants are as follows:

Mo=mg=0; Ay =Th; Ay=H Ay=[4 -3 As =510,
Mg =g - (ISR +1013 )+ 3013; Ay = [y — Q1M + 35, )+ 210/3 0
Ag =g — (28H2H6 + 561515 + 35[0 )+ (420u§u4 + 3560051, )— 63015

Q)

These results correspond to the well-known
expressions for the cumulants, see, for example,
publication [3]. Another important conclusion
which is made from the eq. (6) is that the formu-
lae for the cumulants do not include the first mo-
ment — mean elevation m, = u,. Hence we may
ignore the mean elevation of the irregular wind-
generated waves in the future and only con-
sider central moments of the distribution func-
tion. A number of minor modifications of the
traditional procedures considered above allow

us to obtain additional four cumulants up to the
12-th order. Fist of all, we rewrite eq. (4) in the
following way:

(k)= exp|:ln[l + ii’;k” u, ]

n=l

and then expand logarithmic function in this
expression into the power series of k. Finally
the cumulants A, j =9...12, have been derived
as follows:

Ay = [H9 — (36,1 + 843 +126[L,1s )+ (756H22H5 + 2520, 451, +
+ 5603 )— 75601511 ];

Ao = [rllo
+3150[T3 1T, + S040[T, 515 )— (1 8900[T3[T, + 37800[5 L7 )+ 2268015 ];

Ay = [Hll ~ (55T, Ly +165[L3g + 33041, + 46215 )+ (1980H§H7 +

- (45u2u8 +120[51T; + 210[, [T, +126[12 )+ (1260ﬁ§u6 +420005 0, +

+ 92400715 + 138601, [T, )— (4lsgongu5 +92400[0, 113 + @

+207900[3 11511, )+ 41588011511, ]
Ay = [le - (66H2H10 + 2203y + 495[L, g + 79205 + 46215 )+
+ (2970@5@8 +18480[I71L, + 115503 +16632[I2[, + 15840, [I5[T; +
+ 277200, [T, + 554400510, [T5 ) — (83 1601031, + 3118500711 +
+ 4989602 T[T +831600[2M,1T, )+ (124740004 r, + 3326400312 )

- (1 2474005 + 92400115 )]

As it follows from the eq. (7), the complexity
of the expressions for the high cumulants and the
numerical values of the coefficients in the expres-
sions grow considerably. And it is important to
note that for Gaussian distribution even moments
become as [, = (2n)!(iT, )" /n!, all odd moments
torn to zero [, ,; = 0 and correspondingly all cu-
mulants kj Jj>2, are totally eliminated.

After deriving the cumulants of the charac-
teristic function ®(k) in some approach, the eq.
(4) has to be substituted into the Fourier-trans-
form (1) and it leads finally to the following ex-
pression for the distribution function p(C )

p(C,)=p%C,) 1,2 (®)

where correction factor /(C, Xj) includes nonlin-
ear effects in the wave elevations. This nonlinear
correction factor has been derived in the form

l +ilp ] )
n! " 4 ’

where P ( ) and E (C) are the algebraic poly-

nomials of values kj =7yj/(5cj and C = /o0,
respectively. The explicit formulae for the poly-
nomials are



EJIEKTPOHHHI BICHUK HYK « Nel « 2010

n/2
Rt $EVO pan (10)
i 2" mi(n = 2m)!
and
Po=hy Py=hy P=hs Po=(he+1003) P ={, +35%:%,); |
Py = (g + 563505 +3502 ) P = [ + (84051 +126R 415 )+ 2803 ]
Po = o + (120057, + 21077 +12632 )+ 2100%,32 ] an

Py =y + (165755 + 33085, + 462750 )+ (4620020 + 5775723, )
Py = s + (220%,%, + 4957 K + 79205k, + 46202 + (9240720 +

+27720k5h 4 A5 + 5TT5K, )+ 15400%@] .

2. EVALUATION
OF THE CUMULANTS

Resulting eq. (9)—(11) show that nonlinear
correction factor depends on the values of the
cumulants of the characteristic function. There
are two ways for evaluating of the cumulants
and moments, respectively: namely, the first way
is based on the experimental estimations for a
number of irregular wave trains to be generated
in a wave tank or recorded in real sea conditions,
and the second one is related with the theoretical
estimations of the moments by using appropri-
ate nonlinear hydrodynamic models for irregu-
lar wave elevations. The first approach has been
realized in NASA Wallops Flight Center in the
USA and the results for the first eight cumulants
were presented in the publication [3]. The main
ideas in the second approach have been discussed
by M.S. Longuet-Higgins and M.A. Srokosz in
their paper [8] for the simple wave model and
the first three cumulants being considered. The
results of the experimental investigations are
very important from the point of view of verify-
ing the theoretical results, but having the further
research in view, we would like to consider the
theoretical approach starting from generalized
nonlinear model for wave elevations.

a,=a,8," Vo[ +v,62 +v5 +0(8).

where a,=h,/2 is the slowly- Varying
amplitudeenvelopeofirregularwaves; d,, = k,,a,,
= nhw/ A’ w

[vo o= {1:1/2:3/8;1/3:125/386: 2780}, v, 1=

Vo=

is the slowly-varying steepness of

Namely, we would consider here the non-
linear wave-group model of the sixth order on
wave steepness for the main energy-carrying
component of irregular wave motion

6
zw (x,t) = 2 a, (ax,st)cos ne(x, t, 8),

n=1

(12)

where a , n > 2 are the slowly-varying ampli-
tudes of high bounded harmonics in the wave
profile which depend on the amplitude of the
first fundamental harmonic in the wave motion
a, = a; 8(x,t,¢€) is the slowly-varying phase co-
ordinate to be determined as

0(x,2,€) =k, x + Gt +€AB(ex, ),

k, =2n/\,,, ©, = @ and A is considered
as the average wave length of the energy-car-
rying component of irregular waves, e.g. in the
vicinity of spectral function’s maximum; and,
finally, 0 << & <1 is a small parameter describ-
ing slowly-varying modulations in the wave
motion.

Amplitudes of the harmonics in eq. (12) have
been derived by using the perturbation technique
for solving a nonlinear boundary-value problem
for surface waves [7] and these amplitudes can
be written here in the following form

n=1..6,

n-w n=w

wave slopes and numerical factors v¢,v/,,v” in
the 6-th order nonlinear wave model are as fol-

lows [7]:

{-3/8;2/3;2;127/60;0;0},

{211/192;-11/24;0;0;0;0}.



Note that inclusion of more high harmon-
ics with n > 6 into the series (12) for the wave
surface adds insignificant modifications in the
wave profile and only in the near vicinity of the
wave crests. The steepness of wave slopes §
related with the steepness of the slopes of the
first fundamental harmonics 8, = k a in wave
motion by the following relation

pla.0)= pla)p(6)=
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5, =8,+283 285+ 0] )

The same form has the relation between slowly-
varying amplitudes a  and a, respectively.

From the other hand, we would suppose that
variables a and 0 are statistically independent
and these variables have the following distribu-
tion function

az} 0e [0;2n], ae[0;e0].

26@

Then the moments of the distribution [, may be evaluated directly from the basic formulation

o

= [€-me)"p(C,)dg, = [ [€,(a.07 pla.0)iade.

—oo

0 27

(13)

0

After applying the integration procedures in the eq. (13), the resulting expressions for the mo-

ments [T, have been derived in the following form:

i, = m?3% 1+ + w8t +0(62). = 2.3K .

j=2m: mf =)/l m)

(14)

a=0;

j=2m+l: m’ :(2n+1)!/(2"(n—1)!), o=1

within the numerical values for the factors
m$,m’;,m} up to the 19-th order to be presented
in the following table 1.

It is very evident from the table that the numer-
ical values for the factors m; and especially for m
in eq. (14) grow considerably for high orders of
the moments. It means that the convergence of the

asymptotic series (5) may fall for extreme values
of the wave steepness and wave elevations. The
numerical evaluation of the distribution moments
It, allows us to get the corresponding estimations
for cumulants of the characteristic function of the
distribution, and for the first eight cumulants the
final results are as follows

Ry =30 (141187 +945¢), X, = 21831+ 418} )

As =3178§(1+408§), e :851082(1—1185);

R, =1.17-10°5% (1 - 208} ),

where & = / c -é, are the normalized cumu-
lants and dots in the brackets are used in the

formulae to indicate the values of order 0(8 ¢ ),
n > 2, did not obtained in the approach.

Eq. (15) only includes the first and second
approaches on the steepness §; = 2mno; /A,,; the

high terms of order 0(8 Z) n > 4 would be the
subject of the further analysis. The formulae in
eq. (20) display that cumulant of order j is pro-
portional to the power of wave steepness of order
(j —2) and this result has to be considered as very
important for the next reason. The attempts to
obtain the high order cumulants leads to the nec-

(15)
A =9.83-10°8¢(1+K ),

essarily of the including of high order nonlinear
terms in the powers of the wave elevations ( 7,.
Note that here we used the characteristic
wave steepness 64 as a measure of the intensity
of irregular wave motion in real sea conditions
as it has been done by the authors of the pub-
lication [3]. The numerical estimations for this
steepness are as follows. If we would suppose
that significant wave height may achieve the
extreme values of about 2~ 15+ 18 m and use
the well-known relation /_= 4,00§, then for the
irregular waves with the average wavelength
about &~ 150+200m the characteristic steep-
ness 6 would be no more than 0,15...0,22.
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’

Table 1. The numerical values for the factors m7,m,

n 1 2 3 4 5 6 7 8 9
m; 1,0 3,0 15,0 105 945 1,0-10* | 1,410° | 2,0-10° | 3,5-107
m, 1,0 9,0 30,0 70,0 135 231 364 540 765
my, 19,5 355 1563 5419 1,6-10* | 4,0-10* | 9,05-10* | 1,9-10° | 3,6:10°
", 3,0 30,0 315 3780 5,2-10* | 8,1-10° | 1,42-107 | 2,8-10% | 5,9-10°
My 12,8 24,7 43,7 71,6 110 162 228 311 413
", 168 666 1884 4592 1,0-10* | 2,0-10* | 3,7-10* | 6,4-10* | 1,1-10°

It is very important to verify the theoreti-
cal results (20) and for this purpose we would
compare it with the independent experimental
results which have been derived at the wave-
generated tank of NASA Wallops Flight Center

in the USA [3]. In the Center hundred samples
of the irregular wave trains with different val-
ues of characteristic steepness 54 were gener-
ated and the following approximation formulae
for the first eight cumulants were obtained

Ay=48;, hy~—(0.1+04), Xs=-17,58;;

Some comparisons of the results (15) and
(16) are shown in Fig. 3. In the Fig. 3 the dots
with one sigma bars indicate the experimental
results; the solid lines indicate the correspond-
ing approximations of the experimental results
(16) and the dashed lines represent the author’s
results (15). On the graphics the characteristic
steepness 6 =9 /2n < 0,04 has also been used.
The general conclusions from the result com-
parison are as follows:

a) The cumulants X,,A, and Ag show quite
good comparison of the results for the interval
of the characteristic steepness § < 0,04 (Fig.
3,a,e,f).

b) Absolute values of the cumulants A5 and
L¢ show a relatively good comparison of the
results especially for the small values of the
characteristic steepness § < 0,02, but the signs
of the cumulants were opposite. There is no
reasonable explanation of the sign discrepancy
at present (Fig. 3,¢,d).

¢) For the cumulant ?NM (Fig. 3,b) there is a
very different dependence on the wave steep-
ness both for the experiments and for the theo-
retical estimations. Now we do not have any
reasonable explanations for the discrepancy of
the results. Note that the values of this cumu-
lant are relatively small but its theoretical esti-
mations are growing very sharply for the char-
acteristic wave steepness 5 < 0,01.

ho=—1278%, X,=1208,, A5=38-10°8% |

(16)

d) Finally, all the cumulants show a signifi-
cant growth for high values of the characteristic
wave steepness § > 0,025 — 0,030 which cor-
respond to the extreme waves in real sea condi-
tions.

3. THE PROBLEM
OF THE CONVERGENCE

Numerical evaluations of the nonlinear cor-
rection factor according to eq. (9) have shown
such phenomenon as the existence of the inter-
vals of non-convergence of asymptotic series.
These intervals depend on the three factors:
the order of the approximation n, the value of
characteristic wave steepness (5g and the value
of wave elevations (. Fig. 4 displays three
samples of the convergence for the distribution
function (8) for different approximations with
n = 2...12, three values of wave elevations C :
a) CW/(Sé =1,b) Cw/csC =3,¢) CW/Gé =4 and for
the following values of the characteristic wave
steepness SQ: +—t — 6§= 0,063 (h /A, = 1/25),
V—V —§,= 0,075 (h/h, = 1/21) , A—A —
8,= 0,10 (/2 = 1/16), x—x — §,= 0,126
(h/h, =1/12), 0—0 —8,= 0,17 (h /L, = 1/9);
horizontal solid line on the graphics is the Gaus-
sian value of the distribution.

One can see the existence of the non-con-
vergence of asymptotic series for great values
of {, and SQ. In general there are two limited
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Fig. 3. Comparisons of the theoretical estimations for the cumulants with the experimental results [3]
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Fig. 4. Convergence of the asymptotical sets for different values of wave steepness and wave elevations:

a— Cw/(sg =1,b— CW/GC =3,c— Z;,W/cs€ =4

cases in the convergence of the asymptotic
series; the first one is that for the wave steep-
ness about (2 /A = 1/32) the convergence takes
place in the interval Cw/csC e [-4,5; 5,0] And
the second one is that for the wave steepness
(h/X = 1/9) there is no convergence for any
value of the elevations { . The problem of the
non-convergence of asymptotic series would be
the subject of the investigations in the future.

CONCLUSIONS

1. Nonlinear generalizations of short-term
distributions of windgenerated wave elevations
in extreme sea conditions by using characteristic
function technique and corresponding asymptot-
ic Gram-Edgeworht’s sets can be considered as
effective and useful technique. In the framework
of traditional approach the asymptotical sets have

been derived up to the 12-th order. 2. The explic-
it expressions for the cumulants of characteristic
function up to the 12-th order have been derived
and its numerical estimations have been done
for the first eight cumulants by using nonlinear
wave-group model of the 6-th order for energetic
component of irregular wave motion. The results
displayed that cumulants are proportional to the
powers of the characteristic wave steepness d,

according to the law A i~ 0(8@’ -2 ), j =3 and for

this reason we have to use high order nonlinear
wave models in the estimations of high order mo-
ments and cumulants of the distribution. 3. The
convergence of the asymptotical sets depends
on the values of wave elevations, characteristic
wave steepness and the order of the approxima-
tion and this problem would be considered in the
future work.
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